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; ] £[;K>3ª¬n2rV\]huX[a2]viaiemZ]o'o[ua  
¦oqkm_
a.^\p^kmnVjqo%o[uanihu_VaX'Z` jkm\]niksrFf^`npowOkm\`kmo3j9=1hemZ]\  7 =¼^VjqZ`emhuo[aaX[X[ZOX5>'>YZ` olua.^em\]auX3^kyffHZ]_
,Z]nuanpoHjvi ÔZ]X%VZOo[¨fHZuwiajªuZ]X4o[ikyjv,4ahVjqafHZ]nioqkmnihuZ]hVj%ZOhuo[uhuo3jJmuZ]huo[uhuo3j^`X[aX[atOhikmX[aw
^orSTrU ST ^   ] tæuv`4afHZ]_uhuo[aolua%\`emZ]V^eAaX[X[Z]X4^`nVw
oluan
o3^DH]ao[ua%_@^§ikm_hu_ Z`]aX^Te e*`^emhuajªi¬ÀnrV\]huX[auv4a%iemZ]o4o[ua  
@oqkm_
a^`\p^Tk¯nVj|oolua%nphu_,aXZ {jkm\]niksrFf^`niorV\OhuX[ajZ` *o[ua¡wOks¿*aX[anioqky^e­fHZ]_
,Z]nuanpoHjv` ÔZ]X,Z]o[
fHZuwiajª
¬no[ua ÔZ`esemZ`4kmnu\@uX[ZOie¯a_2jvuZ]niem²o[ua_
ZuwOksrVawzV^`X3^`_
aolaX3j4kse eYVajquZ`%n*ª
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0
2
4
6
8
10
12
14
0.01 0.1 1 10
significant digits
cpu time
modified radau5
radau5
km\]huX[aKmuWYX[aflkyjkmZ]n¥]aX3j|hVj%fHZ]_
uhuoqkmnu\2oqkm_
a£wOks¿*aX[anpo|kg^Te}fHZ]_VZ]nuanio3j4£Yo[aj|o%uX[Z]iema_
 G  	)+ #+/
¢uajkm_
iemajqofHZ]nVjqo[XH^kmnuaw_
aflV^`nikyf^ejq²ujqo[a_ kgjo[uaY,anVwihie¯hu_zv]%uZpj|aYat]hV^`o|k¯ZOnVj*Z` i_
Z]oqkmZ]nVj^`X[awiaj[fHX|k¯,aw
kmn ? ³µ Â1@v`V^`\]a%C$;`£ÔC]uªµ a%V^]a'^`uiesk¯aw2oluafHZwia%^]wu^hV.^`nVwo[ua%_
ZuwOksrVawfHZwiao[Z.o[ua´.´ A =[´a^Xv
´'huuo3^^`nVw A aHk¯_ HphuiemaX5>4 ÔZ]X[_hiey^`oqkmZ]n
 
r R =cS'> U 9 =TSY> hr=TSY> v=TS'>1Z; R =TSY> U K=TSY> h ;$=TS'>  =cS'>1Z
V9 R =TS'>VU hr=TS'>
=cS'>1Z
  R =TS'> U h@;=cS'>=TSY> h^ Z] U r=TS'>AM ;=cS'>Mh  Z] U r=TS'> 9 =TSY>X ;$=TS'>=TSY>1Z
S"_ ? ] Z ] @TZ
¢k¯ol fHZ]nVj¼kgj|o3^`nio.kmnikmoqky^e`^emhuaj r= ] >.U]v:;= ] >.U ] v 9 = ] >JU ] v = ] >JU ] v= ] >.U ] ^`nVw  = ] >.U ] ªvuZ]X
j¼k¯_ie kyflkmoq²]vA4ao[ZpZ$H  U ]v$^U .^`nVw  U ]ª
¬n rV\]huX[a{; =X[ajqVafHo|k¯OaHe¯² K>HvY4a¨iemZ]o2o[ua  
0oqkm_
a ^`\p^kmnVjqo2o[uaznphu_VaXZ jkm\]niksrFf^`npo¥wOkm\`kmo3j2Z` .o[ua
^Te¯\OauX3^kyfk=ÀXlajq*ªuwOk ¿*aX[anioqky^e>%fHZ]_
VZOnuanpo3j«vi ÄZOX%VZ]ol¦fHZwiajª
 G   +6".
 ) 1/1! 27	# /
ÃjqaOan=,Zwi² _af[V^`nikyjq_ kyj.wiajlfHXqkmVaw kmn ? ³µ Â1@vAV^`\]a@;Â£À`puªAµÁa
V^]a@^`uieskmaw o[ua@fHZuwia®^]wu^`hV
^nVw2o[ua_
ZuwOk rVaw¥fHZuwia.o[Zo[uakmnVwiaH§¨C ÄZOX[_hieg^oqkmZ]n
 
; R =TS'> U =TSY>1Z
 R =cS'>VU \ =;$=TSY>'> ^  a WX=A;=cS'>1Z K=TSY>'>
h
	 H =;$=TSY>'>=TS'> c Z] U 	j=;$=TS'>Y>K=cS'>1Z S`_ ? ] Z;Ktm ] ^  @cZ
¢k¯ol¦fHZ]nVjkyjqo3^`nio4kmnikmoqky^eYT^emhuajª
¬nrV\]huXlal=ÀXlajqVafHoqkm]aHem²b>3vH4aYie¯ZOo­o[ua  
.oqkm_
a^\p^kmnVjqo*o[uanphu_,aX­Z` Vjkm\]niksrFf^`niowOkm\`kmo3j*Z o[ua4^em\]auX3^kyf=X[ajq*ªuwOks¿ aXlanpoqky^e>%fHZ]_
,Z]nuanpoHjvi ÔZ]X%VZOo[¦fHZwiaj«ªF³aX[a]vuZ]huoluhuo3j%^`X[a'X[atOhikmX[aw¥^`o`STvUST ^   ] t ]]] ;Âª
 G  I#2V !+  	"
¢ikgjj¼k¯_ie ksrVaw _
ZuwiaHe.Z` 
^Jwi²pnV^`_ kgfÁjkm_hiey^`o|k¯ZOn uX[ZOie¯a_ kmn Vao[XlZflikm_kyf^eanu\`kmnuaaXqkmnu\ kyj¦wiaj[fHX|k¯,aw
kmn ? ³lA*C]-@ÀvuV^`\]a2]b`£[OCuªiµ a.V^]a^`uieskmaw¥o[uafHZuwia
%^]wu^`hV2^`nVwzo[uaC_
ZwOksrVaw¥fHZuwiaolZ@o[ua ÄZe emZ`4kmnu\
ÕÕÃÙrë[êHê
C ( (%5		 
 !		
1
2
3
4
5
6
7
8
9
10
0.1 1 10 100
significant digits
cpu time
modified radau5
radau5
k¯\OhuX[a+;KmuW}X[aflkyjkmZ]n¥]aX3jqhVj%fHZO_
uhuoqkmnu\
oqkm_
aC£^em\]auX3^kyf.fHZO_
VZ]nuanio3j4£VanVwihiemhu_
2
4
6
8
10
12
14
0.1 1 10 100
significant digits
cpu time
modified radau5
radau5
km\]huXla.muWYXlaflkgj¼k¯ZOn¨OaX3jqhVj%fHZ]_uhuoqkmnu\@oqkm_
a£wOks¿*aX[anioqky^efHZ]_
VZOnuanpo3j¢£YVanVwihiemhu_
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-1
0
1
2
3
4
5
6
7
1 10 100 1000
significant digits
cpu time
modified radau5
radau5
km\]huX[aKmuWYX[aflkyjkmZ]n¥]aXHjqhVj%fHZ]_
uhuo|k¯nu\oqkm_
a.£^em\]auXH^kyf.fHZ]_
,Z]nuanio3j%£j|a]anVZuwi²_
aflV^`nikyjq_
-2
0
2
4
6
8
10
1 10 100 1000
significant digits
cpu time
modified radau5
radau5
km\]huXla.bKmVWYXlaflkgj¼k¯ZOn¦]aX3j|hVj%fHZ]_
uhuoqkmnu\2oqkm_
a£wOks¿*aX[anioqky^e{fHZ]_VZ]nuanio3j4£4jqa]anVZuwi²_
aflV^`nikyjq_
ÕÕÃÙrë[êHê
 ] ( (%5		 
 !		
0
1
2
3
4
5
6
7
8
9
0.01 0.1 1 10
significant digits
cpu time
modified radau5
radau5
k¯\OhuX[amVW}X[aflkyjkmZ]n¦]aXHjqhVj%fHZ]_
uhuo|k¯nu\2oqkm_
aC£^em\]auX3^kyf.fHZO_
VZ]nuanio3j4£wOkyj[flV^`X[\Oa.uX[aj[j|huX[afHZ]nio[X[Ze
0
2
4
6
8
10
12
0.01 0.1 1 10
significant digits
cpu time
modified radau5
radau5
km\]huXla+CKmuWYXlaflkgj¼k¯ZOn¨OaX3jqhVj%fHZ]_uhuoqkmnu\
oqkm_
a.£wOks¿*aX[anioqky^efHZ]_
VZOnuanpo3j¢£wOkgjlf[V^`Xl\]a.uX[ajljqhuX[a.fHZ]nio[X[Z`e
kmnVwiaH§¨C ÔZ]X[_hiey^`oqkmZ]nXm
 
 v=TSY> U =o3^nu=TS hJ ] >1Zr =TS'> U    7 =);Kt ;]lh ] t ] T  =TSY> ] t ]]   =TS'> >1ZP R =TSY> U  7a gD=TSY> h .    	 hP3=TS'> c Zg R =TS'> U h  	 =sr=TSY> h ]KtgD>1Z\ R =TS'>VU  v=TS'> h  =TS'>Z] U a      7 c  h¥pKtæC   a      N    c  Z
S`_ ? ] Zl ] @TZ
¢k¯ol¦fHZ]nVjkyjqo3^`nio4kmnikmoqky^eYT^emhuajªA³%aXla]vikmnik¯o|kg^Tejqo[a¦jkA@a+®kyj%atOhV^e­o[Zz ] ^ 	 ª¬n rV\]huX[a =X[ajqVafHo|k¯OaHe¯²yC>HvY4a¨iemZ]o2o[ua  
0oqkm_
a ^`\p^kmnVjqo2o[uaznphu_VaXZ jkm\]niksrFf^`npo¥wOkm\`kmo3j2Z` .o[ua
^Te¯\OauX3^kyf=X[ajq*ªuwOks¿ aXlanpoqky^e>fHZO_
VZ]nuanio3jv ÄZOXVZOo[®fHZuwiajªV³aX[a]vOZ]huo[uhuo3j4^`X[a'X[atOhikmX[aw@^o"S  US  ^   ] t uª
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/01#23#5467"(98:, u
5 0¢1&/3
<nua j¼k¯_ie¯azo[aflunikgtOhua¦olZ¦Z`]aX3fHZ]_a@o[ua2Z]X3wiaXX[awihVfHo|k¯ZOnJuuanuZ]_
anuZ]n*v^uVa^`Xqkmnu\¥ ÔZ]XCo[ua¦^em\]auX3^kyf
fHZO_
VZ]nuanio%%uan¥%^]wu^`h¬q¬#_
ao[uZuwuj%^`Xla.^`uiesk¯awzo[ZCkmnVwiaH§¨oq4Z
%©j«v]kyjuX[Z],ZpjqawAª
¬nVfHX[a^]jkmnu\2o[uaZ]X3wiaXZ` }fHZOnp]aXl\]anVfHa.Z` :[Ckyj_@^]wiaVZij[jkmiemai²fHZ]nVjkywiaXqkmnu\o[ua.fHZ]_
,ZpjkmoqkmZ]n¥Z` ­olua.V^]jkyf
_ao[uZw4kmo[2kmo3jqaHes YZ`]aX@C¦jqo[aVj«ªpj[n  kyjwiaHrVnuaw®kmno[uaV^]jkyf'_
ao[uZuw2^]j4^eskmnua^`XfHZ]_ikmnV^`oqkmZ]nZ` *o[ua
kmnio[aX[nV^e­jqoH^`\]ajvu^C\]ZiZwfluZ`kyfHa.Z` :C¨j|uZ]hieywuX[Z`OkgwiaanuZOhu\]2 ÄXlaawiZ]_  ÔZ]X4o[uaZ]X3wiaX%fHZ]nVwOkmoqkmZ]nVj'^]j[jqZuflky^`o[aw
¢k¯ol¨oluafHZ]_
,Zpjkmo[a_
ao[uZuwzo[Z2Va@j[^oqkyjrVawAªVµÁaV^]awiao[aX[_kmnuaw¥oluajqaZ]X3wiaXfHZ]nVwOkmoqkmZ]nVj%ikyfl=wiaXqkm]a
j|o[X3^km\]ioq ÔZ]X[%^`X3wOem²2 ÔX[Z]_o[ua
4Z]X'HZ` %©%ª*³'^kmX[aXv}dªXA huikyf[J^`nVw( ª*4Zuf[ua2=qjqafHoqkmZ]n=uªgD>3ªA4uan 4aV^Oa
j|uZTno[V^`ojqZO_
aZ` Yo[uZpjqa.fHZ]nVwOkmoqkmZ]nVj^X[aX[awihunVwu^`nio¡^nVw_km\]io%VaCZ]_kmo[o[aw® ÄZOXjq£Àjqo3^\]a.%^]wu^`hz¬q¬À _
a£
oluZwuj4¢k¯ol g`3Jz=¼jqafHoqkmZ]n¥uª ;Co[Z
uªæ>Hª
¬ofHZ]hieyw
,a4kmnpolaX[ajqoqkmnu\o[Z\]anuaX3^Te kA@a'o[ikyjjkm_
iesksrFf^`oqkmZ]nVj¢o[Z.^`ni² ^]wu^`h
¬q¬À _
ao[uZuwujª` \]anuaX3^eFtOhuajqoqkmZ]n
¢k ese­,ao[ZwiaolaX[_kmnuauZ` _2^`np²2fHZ]_
VZijkmoqkmZ]nVj4Z` {^jq£Àj|o3^`\]a^]wu^`h¬q¬À _
aoluZwV^]aolZ,a¡fHZOnVjkywiaX[awo[Z
ZOuo3^kmn@^`n
ZOX3wiaX4Z`  fHZ]ni]aX[\OanVfHaatOhV^eFolZgvh¦ ÔZ]Xolua^em\]auX3^kyf'fHZ]_
,Z]nuanpoªp³ZT4a]aXvk¯o%wiZiajYnuZ]o4jqaa_
Xla^]jqZ]nV^`iema
^`ni²¦_
ZOX[a.o[Z¦fHZOnVjkywiaX^uX3^]fHoqkyf^eYkm_
iema_
anio3^`oqkmZ]nÁZ` o[ua
fHZ]XlX[ajqVZOnVwOk¯nu\z_
ao[uZuw¸ ÄZ]Xg 	0Vv
Z`4kmnu\
olZoluafHZ]_
iemaH§ikmo¼²Z ­o[ua ÔZ]X[_hiey^]j} ÔZ]X%T^Xqky^`iema j|o[aVjkA@a]ª
¢ua ÄZOX[_hieg^Oj ÄZ]X.g U ;¸V^]aVaanÁk¯nVfHZOX[VZ]XH^`o[awzkmn o[ua2fHZwia@^]wu^`hV¦wiaOaHe¯ZOVaw i²¨©%ª*³'^kmX[aX^`nVw ´ª
µ ^`nunuaXªsI`e km\]io._ZwOksrFf^`oqkmZ]nVj4aX[aX[at]hikmX[aw=¼jqafHoqkmZ]n{;>3ª%niem²¥o[ua
fHZ]_
uhuo3^`o|k¯ZOn¦Z` 4o[ua
^em\]auX3^kyf
fHZ]_£
,Z]nuanio%%^]j_
ZwOksrVawz^`nVw¦^Cnua0uX[ZufHawihuX[ak¯nzZ]X3wiaX%olZV^]a.fHZOnpoqkmnihuZ]hVj4Z]huoluhuo3j¢^Oj%fHX[a^`o[aw2uaX[a4a
V^]a'hVjqaw¸Z]huX%o[aflunikyt]hua ÄZ]X4,Z]o[¦fHZ]_
,Z]nuanio3j=q^em\]auX3^kyf^`nVwwOks¿*aX[anioqky^e>o[Z
fHZ]_uhuo[a^`uuXlZ§ikm_@^`oqkmZ]nVj
Z ­Z]X3wiaX4rVOa^`o4atOhikgwOkyjqoH^`npo'Z]huo[uhuol£ÔVZ`kmnio3jª
ffHZ]X3wOkmnu\ o[Z¥Z]huX
nihu_
aXqkyf^eaH§uVaX|k¯_anpo3j«vX[aj|hie¯oHjC ÄZOX
o[ua¦wOks¿*aX[anpo|kg^Te¡fHZ]_
,Z]nuanpoHj
^`X[a¦wOkyj[^`u,Z`kmnpo|k¯nu\,ª
³Z`4a]aXvAo[ua
hVj|a@Z` %Z]huXCo[aflunikgtOhua2kmn=olua®fHZuwia®^]wu^`hV¸ema^]wujCo[Z¨^`n k¯nVfHXla^]jqa2Z` %o[ua®^OffHhuX3^]fH²¥ ÔZ]Xo[ua
^Te¯\OauX3^kyf.fHZ]_VZ]nuanio3jl=Àuano[Z`emaX3^`nVfHaj'^`X[a.jqhi°flk¯anioqem²¦jq_@^Te e>3ª
  +Ã6
G  	Z"  +_"	- %'"2  !_"V G	 "2*  #" $
¬no[ikyj%jqafHoqkmZ]n*vÂaaH§uiey^kmnuawzo[ua.f^eyfHhiemhVj%Z` eskmnua^`X¡^Te¯\OauX3^ChVjqawo[Z
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